INTRODUCTION
Unimodular gravity (UG) is a truncation of General Relativity (GR) in the sense that only unimodular metrics (i.e. those with unit determinant) are considered. A recent review is [3] where some early references can be found. It is remarkable that Einstein himself proposed a closely related theory in 1919 [5] .
The theory can be (and it is technically convenient) formulated in such a way that it has an added Weyl invariance by writinĝ
(where g ≡ det g αβ ). The reason is that then the variations δg αβ are unconstrained, whereas the variations of the unimodular metric have got to be tracelesŝ
We shall denote the mapping UR : g µν →ĝ αβ
as unimodular reduction. It is not invertible, since there is no way to reconstruct g αβ from its unimodular reductionĝ αβ . On the other hand, once we restrict the theory to unimodular metrics, the ensuing theory (UG) is not invariant under the full diffeomorphism group of the manifold. Diff(M ), but only under the subgroup that preserves the unimodularity condition, which we have dubbed TDiff(M ). This is essentially what mathematicians call the volume preserving subgroup [6] . It has been pointed out that this symmetry is enough to kill the three unwanted polarizations when defining the massless theory from a massive theory in flat space [1] . At any rate, under unimodular reduction Einstein-Hilbert action gets transformed into
and the unimodular action in terms of unconstrained variables reads
Once here one can never go back to the Einstein frame as this action is Weyl invariant. In terms of this unconstrained metric, the equations of motion (EM) are given by the manifestly traceless expression [2] 
The explicit presence of the determinant of the metric, g clearly indicates the EM are not Diff invariant. The covariant derivative acting on g(x) is defined as
and has bizarre transformation properties. Now given the fact that the EM are Weyl invariant, we can always transform toĝ = 1 (8) where the EM simply read
The solution of these equations are by definition Einstein spaces [4] . The Bianchi identities in the absence of torsion do imply then ∇ µ R = 0. Given an unimodular Einstein space,ĝ µν , all its Weyl rescalings
are also solutions of the equations [6] . They span a Weyl orbit of solutions. In four dimensions it is well known that the necessary and sufficient condition [9] for a space to be conformally Einstein is for it to be Bach-flat
where W µνρσ is the Weyl tensor. We are not aware of a similar statement in arbitrary dimension.
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The full symmetry group of this action is quite large though, incorporating Weyl transformations of the metric. This means that in the process of unimodular reduction of Einstein-Hilbert the symmetry group changes, namely
Let us examine this process of symmetry reduction in more detail. We shall be cavalier about domains of definition of the transformations, and all of our reasoning will be purely local.
TDIFF INVARIANCE OF THE UNIMODULAR ACTION
It is not immediately obvious in which reference systems are the EM [6] valid.
Let us first start with the analysis of the already mentioned change of the symmetry group in the process of unimodular reduction.
We can represent a linearized element of Diff 0 (M ) (the subgroup of Diff(M ) connected with the identity) as
The corresponding jacobian matrix is
and its determinant will be denoted by the letter J. The determinant of the metric then transforms as
And for the case of a volume preserving diffeomorphism, it is transverse in the sense that
and the jacobian matrix is itself unimodular
Let us examine what happens with the action of TDiff 0 Weyl(M ). Clearly
and consequently
On the other hand, the other way around thus being the reason why the symmetry group is a semidirect product.
We can move now to answer the question of the validity of the EM of UG.
The two possible paths when going from GR to UG are shown in the following diagram.
The rightmost path correspond to, first perform a Diff
and unimodularly reduce afterwards. The corresponding unimodular metric is then
Let us now perform an arbitrary diffeomorphism after unimodular reduction (corresponding to the left path in the diagram). The result is
This means again that the diagram above is not commutative.
Indeed, we find particularly clarifying to examine what happens in this latter case If we perform a Diff in (6) the determinant g(x) transforms as
this conveys the fact that the first monomial in the EM transforms as
and its trace, which is the one subtracted from it in (6), is just
The second monomial transforms in turn as
being its trace now
CONCLUSIONS
When performing a general Diff 0 (M ) transformation in the unimodular EM the extra terms generated are
To be specific: the fact that a given metric g µν is a solution of the unimodular equations of motion does not imply that it remains a solution after an arbitrary diffeomorphism ξ ∈ Diff 0 (M ) unless of course this happens to be transverse, ξ ∈ TDiff 0 (M ). Certainly there is no problem with performing the Diff before the unimodular reduction, since GR is invariant as shown in the last diagram.
In other words, the assertion that a given metric is a solution of the UG equations of motion is not Diff(M) invariant, but only TDiff(M) Weyl(M) invariant. Is there a coordinate system which is not attainable through a symmetry transformation? It could be thought that there is none, by the following argument. An arbitrary diffeomorphism acts as 
